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Abstract. Combinatorial Ricci flow on an ideally triangulated com-
pact 3-manifold with boundary was introduced by Luo as a 3-dimensional
analog of Chow-Luo’s combinatorial Ricci flow on a triangulated surface
and conjectured to find algorithmically the complete hyperbolic met-
ric on the compact 3-manifold with totally geodesic boundary. In this
paper, we prove Luo’s conjecture affirmatively by extending the com-
binatorial Ricci flow through the singularities of the flow if the ideally
triangulated compact 3-manifold with boundary admits such a metric.
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1. Introduction
Motivated by Chow-Luo’s combinatorial Ricci flow on triangulated sur-
faces [5] and Hamilton’s Ricci flow on three dimensional Riemannian mani-
folds [26], Luo [29] introduced combinatorial Ricci flow for hyper-ideal poly-
hedral metrics on ideally triangulated compact 3-manifolds with boundary
consisting of surfaces of negative Euler characteristic. By Moise [34], every
compact 3-manifold can be ideally triangulated. It is conceivable that one
could use the combinatorial Ricci flow to give a new proof of Thurston’s ge-
ometrization theorem for these 3-manifolds. Luo [29] conjectured that the
combinatorial Ricci flow could be used to find algorithmically the complete
hyperbolic metric with totally geodesic boundary on a compact 3-manifold
with boundary. In this paper, we prove Luo’s conjecture affirmatively if
such a metric exists on the ideally triangulated compact 3-manifold with
boundary.
The main tool used in the proof is the extension of dihedral angles of a
hyper-ideal tetrahedron introduced by Luo-Yang [32]. For the combinatorial
Ricci flow on an ideally triangulated 3-manifold with boundary, the hyper-
ideal tetrahedra may degenerate along the flow, which corresponds to the
singularities of the flow and brings the main difficulty for the analysis of the
long time behavior of the flow. We overcome this difficulty by extending the
flow through the singularities using Luo-Yang’s extension. It is shown that
the solution of combinatorial Ricci flow can be uniquely extended for all
time in this way. Combining with Luo-Yang’s C1 smooth convex extension
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of co-volume function, we prove that for any initial hyper-ideal polyhedral
metric on an ideally triangulated compact 3-manifold with boundary, the
extended solution of combinatorial Ricci flow converges exponentially fast
to a complete hyperbolic metric with totally geodesic boundary if such a
metric exists on the ideally triangulated compact 3-manifold with boundary,
which confirms Luo’s conjecture.
We state the results more precisely as follows. Suppose (M, T ) is an
ideally triangulated compact 3-manifold with boundary. E, T represent the
sets of edges and tetrahedra in the triangulation T respectively. Replacing
each tetrahedron (truncated tetrahedron more precisely) in T by a hyper-
ideal tetrahedron and gluing them isometrically along the hexagonal faces,
we obtain a hyperbolic cone manifold with boundary. Here a hyper-ideal
tetrahedron is a compact convex polyhedron in H3 that is diffeomorphic
to a truncated tetrahedron in E3, which has four right-angled hyperbolic
hexagonal faces and four hyperbolic triangular faces. Any triangular face
is required to be orthogonal to its three adjacent hexagonal faces. Note
that, by the cosine laws for hyperbolic triangles and right-angled hyperbolic
hexagons, the geometry of a hyper-ideal tetrahedron is uniquely determined
by the lengths of six edges given by pairwise intersections of four hexagonal
faces. Based on this observation, a hyper-ideal polyhedral metric on an
ideally triangulated compact 3-manifold with boundary is defined as follows.
Definition 1.1 ([29, 32]). Suppose (M, T ) is an ideally triangulated compact
3-manifold with boundary. A hyper-ideal polyhedral metric on (M, T ) is a
map l : E → (0,+∞) such that for any topological truncated tetrahedron
in T , lij , lik, lih, ljk, ljh, lkh form the lengths of six edges given by pairwise
intersections of four hexagonal faces in a hyper-ideal tetrahedron.
M can be taken as the hyperbolic cone manifold generated by gluing the
hyper-ideal tetrahedra isometrically along the hexagonal faces and ∂M has
a natural triangulation induced from the cell decomposition of M . The
boundary ∂M is required to be consisting of surfaces with negative Euler
characteristic. For simplicity, we still call T a triangulation of M . The set
of the edges given by intersections of hexagonal faces is denoted by E in the
following if there is no confusing in the context. Note that this is different
from the edge set in the cell decomposition of M . The space of hyper-ideal
polyhedral metrics on (M, T ) is denoted by L(M, T ), which is an open subset
of RE>0. The combinatorial Ricci curvature Kij : L(M, T ) → (−∞, 2pi) at
the edge {ij} ∈ E is defined to be 2pi less the sum of dihedral angles at
the edge. A hyper-ideal polyhedral metric on the triangulated manifold
(M, T ) with zero combinatorial Ricci curvature corresponds to a complete
hyperbolic metric on the manifold M with totally geodesic boundary.
Luo [29] introduced the following combinatorial Ricci flow
dlij
dt
= Kij (1.1)
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for hyper-ideal polyhedral metrics on ideally triangulated compact 3-manifolds
with boundary consisting of surfaces of negative Euler characteristic and es-
tablished some of the basic properties of the combinatorial Ricci flow (1.1).
Luo further conjectured that the combinatorial Ricci flow (1.1) could be
used to find algorithmically the complete hyperbolic metric on a compact
3-manifold with totally geodesic boundary.
The main purpose of this paper is to give an affirmative answer to Luo’s
conjecture under the condition that there exists a hyper-ideal polyhedral
metric with zero combinatorial Ricci curvature on the ideally triangulated
compact 3-manifold with boundary. The main results are as follows.
Theorem 1.1. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary. For any initial hyper-ideal polyhedral metric in L(M, T ), the
solution of combinatorial Ricci flow (1.1) can be extended to be a solution
existing for all time.
Theorem 1.2. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary. If there exists a hyper-ideal polyhedral metric l∗ ∈ L(M, T )
with zero combinatorial Ricci curvature, the extended solution of combina-
torial Ricci flow converges exponentially fast to l∗ for any initial hyper-ideal
polyhedral metric in L(M, T ).
The local convergence of combinatorial Ricci flow (1.1) was obtained by
Luo [29]. Theorem 1.1 and Theorem 1.2 give the global convergence of the
extended combinatorial Ricci flow. Theorem 1.1 and Theorem 1.2 imply an
algorithm to find the hyper-ideal polyhedral metric with zero combinatorial
Ricci curvature if such a metric exists on the ideally triangulated compact 3-
manifold with boundary (M, T ). Note that a hyper-ideal polyhedral metric
with zero combinatorial Ricci curvature on (M, T ) corresponds to a complete
hyperbolic metric on M with totally geodesic boundary, the existence of
which is necessary for an algorithm in Luo’s conjecture for the triangulated
manifold (M, T ). Therefore, Theorem 1.1 and Theorem 1.2 confirm Luo’s
conjecture for combinatorial Ricci flow on ideally triangulated compact 3-
manifolds with boundary.
Suppose (M, T ) is an ideally triangulated compact 3-manifold with bound-
ary, we use de to denote the number of tetrahedra adjacent to an edge e ∈ E.
As an application of Theorem 1.1 and Theorem 1.2, we have the following
result.
Corollary 1.1. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary.
(1): If de ≤ 6 for any e ∈ E, there exists no hyper-ideal polyhedral
metric on (M, T ) with zero combinatorial Ricci curvature.
(2): If de = de′ = N > 6 for any e, e
′ ∈ E, then for any initial
hyper-ideal polyhedral metric in L(M, T ), the extended solution of
combinatorial Ricci flow converges exponentially fast to a hyper-ideal
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polyhedral metric in L(M, T ) with zero combinatorial Ricci curva-
ture.
One can also modify the combinatorial Ricci flow (1.1) to find hyper-ideal
polyhedral metrics with prescribed combinatorial Ricci curvatures and then
use Luo-Yang’s extension to study the long time behavior of the modified
combinatorial Ricci flow.
There have been many work on combinatorial curvature flows on three
dimensional manifolds. See the work of Dai-Ge [6], Ge-Hua [10], Ge-Jiang-
Shen [15], Ge-Ma [16], Ge-Xu [17, 18, 20], Ge-Xu-Zhang [21], Glickenstein
[22, 23] and others. The difference between their work and ours is that we
consider compact hyperbolic cone 3-manifolds with boundary generated by
isometrically gluing hyper-ideal tetrahedra. The combinatorial Ricci flow
for compact 3-manifolds with boundary have applications in engineering
fields such as shape classification, see [44] for example. A work closely re-
lated to this work is the combinatorial Ricci flow for decorated hyperbolic
polyhedral metrics on cusped 3-manifolds introduced by Yang [43] following
Luo’s combinatorial Ricci flow for hyper-ideal polyhedral metrics on com-
pact 3-manifolds with boundary. The author [41] recently extended Yang’s
combinatorial Ricci flow on ideally triangulated cusped 3-manifolds using
Luo-Yang’s extension [32] and proved that the existence of a complete hy-
perbolic metric on a cusped 3-manifold is equivalent to the convergence of
the extended combinatorial Ricci flow, which gives a new characterization
of existence of a complete hyperbolic metric on a cusped 3-manifold dual to
Casson and Rivin’s programm. The extended combinatorial Ricci flow also
provides an elegant and effective algorithm for finding complete hyperbolic
metrics on cusped 3-manifolds. The author [42] further introduced the com-
binatorial Calabi flow on cusped 3-manifolds to find complete hyperbolic
metrics on such manifolds. The basic properties of the combinatorial Calabi
flow were established in [42]. There have been many work using the exten-
sion method to study the long time behavior of combinatorial curvature flows
on low dimensional manifolds. See Ge-Hua [10], Ge-Jiang [11, 12, 13, 14],
Ge-Jiang-Shen [15], Ge-Xu [19], Gu-Guo-Luo-Sun-Wu [24], Gu-Luo-Sun-Wu
[25], Xu [39, 40, 41], Zhu-Xu [45] and others.
The paper is organized as follows. In Section 2, we recall some basic
properties of hyper-ideal tetrahedra; In Section 3, we recall the extension of
dihedral angles introduced by Luo-Yang [32]; In Section 4, we introduce the
extension of the combinatorial Ricci flow (1.1) and prove a generalization
of Theorem 1.1; In Section 5, we prove generalizations of Theorem 1.2 and
Corollary 1.1. In Section 6, we study the modified combinatorial Ricci flow
to find hyper-ideal polyhedral metrics with prescribed combinatorial Ricci
curvatures. In Section 7, we give some remarks and propose some questions.
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2. Preliminaries on hyper-ideal tetrahedra
In this section, we recall some basic properties of hyper-ideal tetrahedra
and set up the notations used in the following of the paper. For more details
on hyper-ideal tetrahedra, please refer to [1, 2, 7, 8, 29, 32, 36].
Suppose σ is a hyper-ideal tetrahedron, which is a compact convex poly-
hedron in hyperbolic space H3 diffeomorphic to a truncated tetrahedron in
the Euclidean space E3 with four hexagonal faces and four triangular faces
(see Figure 1). Denote the four triangular faces of σ as ∆i, i = 1, 2, 3, 4,,
which are hyperbolic triangles and called vertex triangles in the following.
The edge joining ∆i and ∆j is denoted by eij , the length of which is lij . The
hexagonal face adjacent to eij , ejk, eik is denoted by Hijk, which is a right-
angled hyperbolic hexagon. The vertex triangle is required to be orthogonal
to the three adjacent hexagonal faces. The intersection of two hexagonal
faces is called an edge and the intersection of a hexagonal face and a ver-
tex triangle is called a vertex edge. The dihedral angle at eij is the angle
between the two hexagonal faces Hijk and Hijh, which is denoted by aij .
The length of the vertex edge ∆i ∩ Hijk is denoted by xijk. Let L be the
set of vectors (l12, · · · , l34) ∈ R6>0 such that there exists a nondegenerate
hyper-ideal tetrahedron with lij as the length of the edge {ij}.
 
Figure 1. hyper-ideal tetrahedron (this figure is produced
by Luo and Yang )
Proposition 2.1 ([1, 2, 7, 8, 29]). L is a simply connected open subset of
R6>0.
For any hyper-ideal polyhedral metric l ∈ L on σ, one can define the
volume function V and the co-volume function
Fσ = 2V +
∑
i<j
aijlij . (2.1)
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By the Schla¨fli formula [4, 30, 33, 38], we have
dFσ =
∑
i<j
aijdlij ,
which implies the matrix Λσ := [
∂aij
∂lkh
]6×6 = HesslFσ is symmetric and
the 1-form
∑
i<j aijdlij is closed on L. Combining with Proposition 2.1,∫ ∑
i<j aijdlij is well-defined on L and equals to the co-volume function Fσ
up to a constant. Furthermore, we have the following property of the matrix
Λσ.
Theorem 2.1 ([29, 36]). For a hyper-ideal tetrahedron σ with dihedral angle
aij and length lij at the edge {ij}, the matrix Λσ = [ ∂aij∂lkh ] is symmetric
and strictly positive definite on L. In particular, the co-volume function
Fσ = 2V +
∑
i<j aijlij is a locally strictly convex smooth function of the
length variables (l12, · · · , l34) ∈ L with ∂Fσ∂lij = aij.
Luo [29] further introduced the following function
H(l) =
∑
σ∈T
Fσ − 2pi
∑
{ij}∈E
lij , (2.2)
for l ∈ L(M, T ) and proved the following result.
Theorem 2.2 ([29]). The combinatorial Ricci flow (1.1) is the negative
gradient flow of the locally strictly convex function H defined on L(M, T ).
Specially, the matrix Λ = (
∂Kij
∂lkh
) is symmetric and strictly negative definite
on L(M, T ).
Based on Theorem 2.1 and Theorem 2.2, Luo [29] proved the local rigidity
of hyper-ideal polyhedral metrics in L(M, T ) and the local convergence of
combinatorial Ricci flow (1.1) on ideally triangulated compact 3-manifolds
with boundary. However, the open set L(M, T ) may not be convex, which
causes the main difficulty for the global rigidity of hyper-ideal polyhedral
metrics and the global convergence of combinatorial Ricci flow (1.1). Luo-
Yang [32] proved the global rigidity of hyper-ideal polyhedral metrics.
3. Luo-Yang’s extension of dihedral angles
To prove the global rigidity of hyper-ideal polyhedral metrics on com-
pact 3-manifolds with boundary, Luo-Yang [32] carefully analysed the set
of degenerate hyper-ideal polyhedral metrics on a hyper-ideal tetrahedron.
Based on the characterization of the set of degenerate hyper-ideal polyhe-
dral metrics on a hyper-ideal tetrahedron, they extended the dihedral angles
of a hyper-ideal tetrahedron to be defined on R6, from which they proved
the global rigidity of hyper-ideal polyhedral metrics. We recall Luo-Yang’s
extension in this section, which is the main tool we use to extend the com-
binatorial Ricci flow (1.1). For more details of the extension, please refer to
[32].
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For (l12, · · · , l34) ∈ R6>0 and {i, j, k, h} = {1, 2, 3, 4}, let lji = lij for i 6= j
and let
xijk = cosh
−1
(
cosh lij cosh lik + cosh ljk
sinh lij sinh lik
)
and
φikh =
coshxijk coshx
i
jh − coshxikh
sinhxijk sinhx
i
jh
.
It is proved that φikh = φ
j
kh for any l ∈ R6>0 ([32], Lemma 4.3). Therefore,
one can define φij : R6>0 → R by φij(l) = φikh(l). If (l12, · · · , l34) ∈ L ⊂ R6>0
are lengths of edges in a hyper-ideal tetrahedron, then φij = cos aij , where
aij is the dihedral angle along the edge {ij}.
For {i, j} ⊂ {1, 2, 3, 4}, let Ω±ij = {l ∈ R6>0| ± φij(l) ≥ 1} and X±ij = {l ∈
R6>0|φij(l) = ±1}. Luo-Yang proved the following property of Ω±ij and X±ij .
Lemma 3.1 ([32], Lemma 4.6). For {i, j, k, h} = {1, 2, 3, 4}, we have
(1): Ω−ij ∩ Ω−ik = ∅;
(2): Ω−ij = Ω
−
kh and Ω
+
ij = Ω
−
ik ∪ Ω−ih;
(3): X−ij = X
−
kh and X
+
ij = X
−
ik ∪X−ih.
Set Ω1 = Ω
−
12, Ω2 = Ω
−
13, Ω3 = Ω
−
14, X1 = X
−
12, X2 = X
−
13, X3 = X
−
14. As
a corollary of Lemma 3.1, Luo-Yang obtained the following characterization
of L and R6>0 \ L.
Proposition 3.1 ([32], Proposition 4.5). Let ∂L be the frontier of L in
R6>0. Then ∂L = X1 unionsq X2 unionsq X3, where Xi, i = 1, 2, 3 is a real analytic
codimension-1 submanifold of R6>0. The complement R6>0 \ L is a disjoint
union of three manifolds Ωi with boundary so that Ωi ∩ ∂L = Xi, i = 1, 2, 3.
Based on this characterization, Luo-Yang [32] introduced the following
extension of the dihedral angle aij . For i 6= j, define aij |Ω+ij = 0 and aij |Ω−ij =
pi, where Ω±ij is the closure of Ω
±
ij in R6≥0. Then the dihedral angle aij : L → R
is continuously extended to be defined on R6≥0.
Luo-Yang [32] further extended aij to be defined on R6 as follows. For each
l = (l12, · · · , l34) ∈ R6, let l+ = (l+12, · · · , l+34) ∈ R6≥0, where l+ij = max{0, lij}.
For any l ∈ R6, set
a˜ij(l) = aij(l
+),
then a˜ij is a continuous extension of aij defined on R6.
Based on the extension theory of closed 1-forms and convex functions
established in [3, 31], Luo-Yang [32] obtained the following extension of the
co-volume function of Fσ.
Theorem 3.1 ([32], Corollary 4.12). The function F˜σ defined by
F˜σ =
∫ l
(0,··· ,0)
∑
i 6=j
a˜ij(l)dlij + Fσ(0, · · · , 0) (3.1)
8 XU XU
is a well-defined C1-smooth convex function defined on R6 extending the
co-volume function Fσ = 2V +
∑
i<j aijlij defined on L ⊂ R6>0, where
Fσ(0, · · · , 0) = 16Ψ(pi/4) with Ψ being the Lobachevsky function.
Remark 3.1. By direct calculations, Luo-Yang [32] proved that
∂φij
∂lkl
6= 0 for
l ∈ Xi. This implies a˜ij is C0 smooth and not C1 smooth. As a corollary,
F˜σ is not C
2 smooth on R6.
Using the extension of the co-volume function Fσ in Theorem 3.1, Luo-
Yang [32] proved the following global rigidity of hyper-ideal polyhedral met-
rics.
Theorem 3.2 ([32], Theorem 1.2 (b)). For any ideally triangulated compact
3-manifold with boundary (M, T ), a hyper-ideal polyhedral metric on (M, T )
is determined by its combinatorial Ricci curvature, that is, the curvature map
K : L(M, T )→ RE is injective.
Remark 3.2. Luo-Yang [32] proved the global rigidity for hyper-ideal poly-
hedral metrics on triangulated compact pseudo 3-manifolds, which are gener-
alizations of triangulated compact 3-manifolds. Please refer to [32] for more
details.
Using the extension a˜ij of the dihedral angle aij , Luo-Yang [32] extended
the combinatorial Ricci curvature to be defined on RE by
K˜ij = 2pi −
∑
σ∈T
a˜ij , (3.2)
where the summation is taken with respect to the tetrahedra adjacent to the
edge {ij} ∈ E. In the following, l ∈ RE is called as a generalized hyper-ideal
polyhedral metric and K˜ij(l) is called the generalized combinatorial Ricci
curvature at the edge {ij} ∈ E for the generalized hyper-ideal polyhedral
metric l ∈ RE .
For the proof of the main results in this paper, we give the following
result on rigidity of the generalized hyper-ideal polyhedral metrics, which is
a slight generalization of Luo-Yang’s global rigidity in Theorem 3.2.
Theorem 3.3. For an ideally triangulated compact 3-manifold (M, T ), sup-
pose K = K(l) for some l ∈ L(M, T ). If there exists a generalized hyper-
ideal polyhedral metric l∗ ∈ RE such that K˜(l∗) = K, then l∗ = l.
Proof. The proof follows essentially Luo-Yang’s proof of Theorem 3.2 in [32].
For completeness, we give the proof here. Suppose l∗ 6= l. Define
F˜ (l) =
∑
σ∈T
F˜σ(l) (3.3)
for l ∈ RE . Then F˜ is C1 smooth and convex on RE and smooth and locally
strictly convex on L(M, T ) with ∇lij F˜ = 2pi − K˜ij by Theorem 2.1 and
Theorem 3.1. Define
f(t) = F˜ (tl∗ + (1− t)l)
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for t ∈ [0, 1]. Then f(t) is a C1 smooth convex function on [0, 1] and a
smooth strictly convex function in a neighborhood [0, ) for some positive
number  < 1, which implies f ′(t) is a monotone nondecreasing function on
[0, 1] and strictly nondecreasing on [0, ).
Note that
f ′(t) =
∑
{ij}∈E
[
2pi − K˜ij(tl∗ + (1− t)l)
]
· (l∗ij − lij),
we have f ′(0) = f ′(1) by K˜(l∗) = K(l). This implies f ′(t) is a constant on
[0, 1], which contradicts that f ′(t) is strictly nondecreasing on [0, ). Q.E.D.
4. Uniqueness and long time existence of the extended
combinatorial Ricci flow
Using the extended combinatorial Ricci curvature K˜ij defined by (3.2),
we can define a new flow as follows for l ∈ RE
dlij
dt
= K˜ij . (4.1)
Note that K˜ij is continuous, therefore the solution of the new flow (4.1) ex-
ists for short time by the ODE theory (See [27] Theorem 2.1 for example).
However, K˜ij is not locally Lipschitz continuous by Remark 3.1, the unique-
ness of the solution for the new flow (4.1) can not be derived directly from
the standard ODE theory. For the flow (4.1), we still have the uniqueness
of the solution.
Theorem 4.1. The solution of the flow (4.1) is unique for any initial gen-
eralized hyper-ideal polyhedral metric l0 ∈ RE.
Proof. The idea of the proof comes from Ge-Hua [10], but the proof is simpler
for our case. We present the proof here for completeness. Suppose l1(t) and
l2(t) are two solutions of the flow (4.1) on [0, T ] for the same initial value
l0 ∈ RE , where T is some positive constant. To prove the uniqueness of the
solution, we just need to prove l1(t) = l2(t) for any t ∈ [0, T ].
By Theorem 3.1, the energy function H defined by (2.2) could be extended
to be a C1 smooth convex function
H˜(l) =
∑
σ∈T
F˜σ − 2pi
∑
{ij}∈E
lij (4.2)
defined on RE with ∇H˜ = −K˜. We claim that(
∇H˜(l1)−∇H˜(l2)
)
· (l1 − l2) ≥ 0,
which is equivalent to (
K˜(l1)− K˜(l2)
)
· (l1 − l2) ≤ 0, (4.3)
for any l1, l2 ∈ RE .
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To prove the claim, take ϕ(x) =
1
|E|ϕ(
x
 ), x ∈ RE , as the standard
mollifier with
ϕ(x) =
{
Ce
1
1−|x|2 , |x| < 1,
0, |x| ≥ 1,
where C is chosen to satisfy
∫
RE ϕ(x)dx = 1. The -mollifier H˜ of H˜ is
defined to be
H˜(l) = H˜ ∗ ϕ(l)
for l ∈ RE . By the convexity and C1 smoothness of H˜, H˜ is a C∞ smooth
convex function on RE and H˜ → H˜ in C1loc(RE). By the C∞ smoothness
and convexity of H˜, we have(
∇H˜(l1)−∇H˜(l2)
)
· (l1 − l2) ≥ 0
for any l1, l2 ∈ RE . Let → 0, we have(
∇H˜(l1)−∇H˜(l2)
)
· (l1 − l2) ≥ 0,
which completes the proof of the claim.
Set f(t) = ||l1(t) − l2(t)||2. Then we have f(t) ≥ 0 for t ∈ [0, T ] with
f(0) = 0 by the initial condition l1(0) = l2(0). Furthermore,
df
dt
= (
dl1
dt
− dl2
dt
) · (l1(t)− l2(t)) = (K˜(l1(t))− K˜(l2(t))) · (l1(t)− l2(t)) ≤ 0
by (4.3), which implies f(t) ≡ 0 for t ∈ [0, T ]. Therefore, l1(t) = l2(t) for
any t ∈ [0, T ], from which the uniqueness follows. Q.E.D.
Remark 4.1. Although the solution of the extended flow (4.1) is unique,
there may exist some other different extensions of the solution of combi-
natorial Ricci flow (1.1) on RE. The key point is that the solution of the
extended flow (4.1) depends on the extension of the combinatorial Ricci cur-
vature. For example, one can also extend the combinatorial Ricci curvature
by symmetry to RE, which is different from the extension used here. The
author thanks Tian Yang for pointing this out to the author.
As a corollary of Theorem 4.1, we have the following result which shows
that the solution of the new flow (4.1) extends the solution of the com-
binatorial Ricci flow (1.1) for any initial hyper-ideal polyhedral metric in
L(M, T ).
Corollary 4.1. For any initial hyper-ideal polyhedral metric l(0) ∈ L(M, T ),
denote the solutions of the combinatorial Ricci flow (1.1) and the flow (4.1)
as l(t) and l˜(t) respectively. Then l˜(t) = l(t) whenever l(t) exists.
We call the flow (4.1) as the extended combinatorial Ricci flow in the
following.
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Theorem 4.2. The solution of extended combinatorial Ricci flow (4.1)
exists for all time for any initial generalized hyper-ideal polyhedral metric
l(0) ∈ RE.
Proof. By definition, the extension a˜ij of the dihedral angle function aij
is bounded by pi. By the finiteness of the triangulation T , the extended
combinatorial Ricci curvature K˜ is uniformly bounded by some constant C
depending on the triangulation T of M . If l(t) is the solution of extended
combinatorial Ricci flow (4.1), then we have∣∣∣∣dlijdt
∣∣∣∣ ≤ C
for any {ij} ∈ E, which implies |lij(t)| ≤ |lij(0)|+Ct for any edge {ij} ∈ E
and t ∈ [0,+∞). Therefore, the solution of extended combinatorial Ricci
flow (4.1) does not go to infinity in finite time, which implies the solution of
extended combinatorial Ricci flow (4.1) exists for all time by ODE theory.
Q.E.D.
Theorem 4.1, Corollary 4.1 and Theorem 4.2 together imply Theorem 1.1.
5. Convergence of the extended combinatorial Ricci flow
Theorem 5.1. Suppose the solution l(t) of extended combinatorial Ricci
flow (4.1) converges to a generalized hyper-ideal polyhedral metric l∗ ∈ RE,
then K˜ij(l
∗) = 0 for any edge {ij} ∈ E.
Proof. By the continuity of the generalized combinatorial Ricci curvature
K˜ij(l) in l ∈ RE , we have
K˜ij(l
∗) = lim
t→+∞ K˜ij(l(t)) (5.1)
for any edge {ij} ∈ E. As limt→+∞ l(t) = l∗, there exists ξn ∈ (n, n + 1)
such that
dlij
dt
|t=ξn = lij(n+ 1)− lij(n)→ 0,
as n→ +∞. By the extended combinatorial Ricci flow (4.1), we have
K˜ij(l(ξn)) =
dlij
dt
|t=ξn → 0.
Combining with (5.1), we have K˜ij(l
∗) = 0. Q.E.D.
We have the following generalization of Theorem 1.2 for the extended
combinatorial Ricci flow (4.1).
Theorem 5.2. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary composed of surfaces of negative Euler characteristic. If
(M, T ) admits a hyper-ideal polyhedral metric l∗ ∈ L(M, T ) with zero com-
binatorial Ricci curvature, then for any initial generalized hyper-ideal poly-
hedral metric l(0) ∈ RE on (M, T ), the solution l(t) of the extended combi-
natorial Ricci flow (4.1) converges exponentially fast to l∗.
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Proof. Recall that the function H in (2.2) could be extended to be defined
on RE by
H˜(l) =
∑
σ∈T
F˜σ − 2pi
∑
{ij}∈E
lij ,
which is a C1 smooth convex function on RE with ∇H˜ = −K˜ by Theorem
3.1. By the condition that K(l∗) = 0 for l∗ ∈ L(M, T ), we have ∇H˜(l∗) = 0
and l∗ is a minimal point of H˜ on RE . Furthermore, liml→∞ H˜(l) = +∞
by the following property of convex functions, the proof of which could be
found in [19] (Lemma 4.6). This implies that H˜ is a proper function on RE .
Lemma 5.1. Suppose f(x) is a C1 smooth convex function on Rn with
∇f(x0) = 0 for some x0 ∈ Rn, f(x) is C2 smooth and strictly convex in a
neighborhood of x0, then limx→∞ f(x) = +∞.
Set φ(t) = H˜(l(t)), where l(t) is a solution of the extended combinatorial
Ricci flow (4.1). Then φ(t) is a C1 smooth function for t ∈ [0,+∞) with
dφ
dt
= ∇lH˜ · dl
dt
= −
∑
{ij}∈E
K˜2ij ≤ 0, (5.2)
which implies φ(t) is uniformly bounded for t ∈ [0,+∞), i.e. H˜ is bounded
along the solution l(t) of the extended combinatorial Ricci flow (4.1). By
the properness of H˜ on RE , we have the solution l(t), t ∈ [0,+∞), lies in a
compact subset of RE .
By the boundedness of φ(t) on [0,+∞) and monotonicity of φ(t) from
(5.2), we have limt→+∞ φ(t) exists. Therefore, there exists ξn ∈ (n, n + 1)
such that
φ(n+ 1)− φ(n) = dφ
dt
|t=ξn = −
∑
{ij}∈E
K˜2ij(l(ξn))→ 0, (5.3)
as n → +∞. By the boundedness of l(t) for t ∈ [0,+∞), there exists a
subsequence of ξn, still denoted by ξn for simplicity, such that l(ξn) → l
for some l ∈ RE as n → +∞, which implies K˜(l) = 0 by (5.3) and the
continuity of the generalized combinatorial Ricci curvature K˜.
Note that K˜(l) = 0 for l ∈ RE and K(l∗) = 0 for l∗ ∈ L(M, T ), we have
l = l∗ by Theorem 3.3. Therefore, there is a sequence ξn → +∞ such that
limn→+∞ l(ξn) = l∗, which implies that for n large enough, l(ξn) will lie in
a small enough neighborhood of l∗.
Note that l∗ is a local attractor of the extended combinatorial Ricci flow
(4.1) by Theorem 2.2, which was also observed by Luo [29], we have the
solution l(t) of the flow (4.1) converges exponentially fast to l∗ by Lyapunov
stability theorem ([35], Chapter 5). Q.E.D.
Remark 5.1. Combinatorial Calabi flow for hyper-ideal polyhedral metrics
on ideally triangulated compact 3-manifolds with boundary was introduced
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by Ge-Xu-Zhang [21], which was defined as
dlij
dt
= −∆Kij , (5.4)
where ∆ = Λ = (
∂Kij
∂lkh
) is the combinatorial Laplace operator for hyper-
ideal polyhedral metrics introduced by Luo [29]. Combinatorial Calabi flow
(5.4) is a negative gradient flow of the combinatorial Calabi energy C(l) =∑
{ij}∈EK
2
ij [21]. As a˜ij is C
0 and not C1 by Remark 3.1, the combina-
torial Laplace operator ∆ = (
∂Kij
∂lkh
) can not be extended continuously to be
defined on RE by Luo-Yang’s extension [32]. This causes that the extension
method used for combinatorial Ricci flow (1.1) in this paper does not work
for the combinatorial Calabi flow (5.4). Similar phenomenons happen for
combinatorial Calabi flow for vertex scaling on closed surfaces [9, 45]. The
convergence of the combinatorial Calabi flow for vertex scaling was proved
in [45] using a different extension of combinatorial curvature introduced in
[24, 25]. A key point of the proof in [45] is that the extension of combinatorial
curvature introduced in [24, 25] is C1 smooth.
As an application of Theorem 5.2, we have the following result, which is
a generalization of Corollary 1.1.
Corollary 5.1. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary.
(1): If de ≤ 6 for any e ∈ E, there exists no hyper-ideal polyhedral
metric in L(M, T ) with zero combinatorial Ricci curvature.
(2): If de = N > 6,∀e ∈ E, for some constant N , the solution of
extended combinatorial Ricci flow (4.1) converges to a hyper-ideal
polyhedral metric in L(M, T ) with zero combinatorial Ricci curvature
for any initial generalized hyper-ideal polyhedral metric in RE.
Proof. For the first part of the corollary, suppose there exists a hyper-ideal
polyhedral metric l∗ ∈ L(M, T ) with zero combinatorial Ricci curvature.
Suppose S is a component of the boundary ∂M , |V |, |E|, |F | represent the
number of vertices, edges and faces of S. By the Gauss-Bonnet formula,
we have |V | − |E| + |F | = χ(S) < 0. Note that 3|F | = 2|E| and 2|E| =∑
x∈V dx ≤ 6|V | by the condition de ≤ 6, we have
0 =
1
3
|E| − |E|+ 2
3
|E| ≤ |V | − |E|+ |F | = χ(S) < 0,
which is impossible. Therefore, there exists no hyper-ideal polyhedral metric
in L(M, T ) with zero combinatorial Ricci curvature in this case.
For the second part of the corollary, we just need to prove that there
exists a hyper-ideal polyhedral metric l∗ ∈ L(M, T ) with zero combinatorial
Ricci curvature, then the result follows from Theorem 5.2. As the numbers
of tetrahedra adjacent to the edges in E are all the same, we can assign
each edge in E with the same length s ∈ (0,+∞), which corresponds to a
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hyper-ideal polyhedral metric in L(M, T ). In this case, the lengths of vertex
edges xijk are all the same with
coshxijk =
cosh lij cosh lik + cosh ljk
sinh lij sinh lik
=
cosh s
cosh s− 1 ,
which implies that
cos aij =
coshxijk coshx
i
jh − coshxikh
sinhxijk sinhx
i
jh
=
cosh s
2 cosh s− 1 .
Therefore, the combinatorial Ricci curvature along any edge {ij} ∈ E is
K(s) = 2pi −N arccos cosh s
2 cosh s− 1 ,
which is a strictly decreasing function of s ∈ (0,+∞). Note that lims→0K(s) =
2pi > 0 and lims→+∞K(s) = pi3 (6−N) < 0 by the condition N > 6. By the
intermediate value theorem, there exists s∗ ∈ (0,+∞) such that K(s∗) = 0.
Therefore, l∗ = s∗(1, · · · , 1)T is a hyper-ideal polyhedral metric in L(M, T )
with zero combinatorial Ricci curvature. Q.E.D.
Remark 5.2. By the proof of Corollary 5.1 (1), the condition on the number
of tetrahedra adjacent to an edge in E could be changed to be the condition
dx ≤ 6 on the degree of any vertex x on the boundary surfaces. Further-
more, for the nonexistence result in Corollary 5.1 (1), we just need one
component of the boundary satisfies the condition dx ≤ 6 for any vertex x
in the boundary component.
6. combinatorial Ricci flow for prescribed combinatorial Ricci
curvature
We can modify the combinatorial Ricci flow to find hyper-ideal polyhedral
metrics with prescribed combinatorial Ricci curvature K as follows
dlij
dt
= Kij −Kij . (6.1)
Using the generalized combinatorial Ricci curvature K˜ij , we can also extend
the modified combinatorial Ricci flow (6.1) to the following form
dlij
dt
= K˜ij −Kij , (6.2)
which is called the extended modified combinatorial Ricci flow in the follow-
ing. The results for the modified combinatorial Ricci flow (6.1) and extended
modified combinatorial Ricci flow (6.2) are paralleling to those of the com-
binatorial Ricci flow (1.1) and the extended combinatorial Ricci flow (4.1).
We state the results as follows.
Theorem 6.1. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary. The solution of the extended modified combinatorial Ricci
flow (6.2) exists for all time for any initial generalized hyper-ideal polyhedral
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metric in RE and uniquely extends the solution of the modified combinatorial
Ricci flow (6.1) for any initial hyper-ideal polyhedral metric in L(M, T ).
Theorem 6.2. Suppose (M, T ) is an ideally triangulated compact 3-manifold
with boundary. If (M, T ) admits a hyper-ideal polyhedral metric l ∈ L(M, T )
with combinatorial Ricci curvature K, then the solution l(t) of the extended
modified combinatorial Ricci flow (6.2) converges exponentially fast to l for
any initial generalized hyper-ideal polyhedral metric in RE.
The proof of Theorem 6.1 is paralleling to that of Theorem 1.1 and the
proof of Theorem 6.2 is similar to that of Theorem 1.2 with the function
H(l) replaced by
H(l) =
∑
σ∈T
Fσ − 2pi
∑
{ij}∈E
lij −
∑
{ij}∈E
Kijlij
and the extension H˜(l) replaced by
H˜(l) =
∑
σ∈T
F˜σ − 2pi
∑
{ij}∈E
lij −
∑
{ij}∈E
Kijlij .
As the proofs for Theorem 6.1 and Theorem 6.2 are almost the same as those
of Theorem 1.1 and Theorem 1.2 for the combinatorial Ricci flow (1.1) and
the extended combinatorial Ricci flow (4.1), we omit the details of the proofs
here.
7. Some remarks and questions
In this paper, we have proved the global convergence of the extended com-
binatorial Ricci flow (4.1) to a complete hyperbolic metric on (M, T ) with
totally geodesic boundary under the condition that there exists a hyper-ideal
polyhedral metric with zero combinatorial Ricci curvature on the ideally tri-
angulated compact 3-manifold with boundary (M, T ). However, there may
exist no hyper-ideal polyhedral metric with zero combinatorial Ricci curva-
ture on an ideally triangulated compact 3-manifold with boundary (M, T ),
while there exists a complete hyperbolic metric on the compact 3-manifold
M with totally geodesic boundary. In other words, there may exist combi-
natorial obstacles for the existence of hyper-ideal polyhedral metrics with
zero combinatorial Ricci curvature on the ideally triangulated compact 3-
manifold with boundary (M, T ).
An example of similar case is the vertex scaling for piecewise linear metric
on surfaces [28], for which there are combinatorial obstacles for the existence
of conformal factors with constant combinatorial curvature on a surface with
a fixed triangulation. For surfaces with fixed triangulations, Ge-Jiang [11]
used the extension introduced by Bobenko-Pinkall-Springborn [3] and Luo
[31] to extend Luo’s combinatorial Yamabe flow for vertex scaling on a tri-
angulated surface [28] and proved the convergence of the extended combina-
torial Yamabe flow under the existence of a conformal factor with constant
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combinatorial curvature on the surface with a fixed triangulation. The con-
vergence of the extended combinatorial Yamabe flow depends on the trian-
gulation of the surface and the existence of conformal factors with constant
combinatorial curvature.
However, if one takes the piecewise constant curvature metric as a cone
metric on the surface and does surgery on the Delaunay triangulations of
the surface by edge flipping, it has been proved that there always exists a
conformal factor defined on the vertices such that the induced polyhedral
metric on the surface has constant combinatorial curvature [24, 25]. Fur-
thermore, one can use the combinatorial Yamabe flow with surgery [24, 25]
and combinatorial Calabi flow with surgery [45] to find polyhedral metrics
with constant combinatorial curvature, the convergence of which do not de-
pend on the initial triangulation of the surface and existence of conformal
factors with constant combinatorial curvature.
For compact 3-manifolds with boundary, it is natural to ask the following
question.
Question: Is there any way to do surgery on ideally triangulated com-
pact 3-manifolds with boundary to ensure the long time existence and con-
vergence of the combinatorial Ricci flow (1.1)?
This is similar to the case of combinatorial Yamabe flow and combinato-
rial Calabi flow for vertex scaling on closed surfaces and similar to the case
of Hamilton’s Ricci flow on 3-dimensional Riemannian manifolds. Similar
questions were also asked by Luo in [29]. If one can give an affirmative
answer to this question, it is conceive that one can give a solution to Luo’s
conjecture without the assumption of existence of a hyper-ideal polyhedral
metric with zero combinatorial Ricci curvature, a proof of the convergence of
combinatorial Calabi flow (5.4) and a new proof of Thurston’s geometriza-
tion theorem for compact 3-manifolds with boundary consisting of surfaces
of negative Euler characteristic.
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